EM for Gaussian mixtures (d = 1)
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We observe N realisations X1,..., Xy and K groups. We have introduced
some latent variables (unobserved), denoted as (z1,. .., zx), such that

~_ | 1if X; belongs to cluster k
“ik =1 0 otherwise

The generative model is the following one:

{ zi ~ M(1, ), with 7 = (71,...,7x) and 0 < 7, < 1,: /Vk and Zszl m, = 1.
Xilzik =1 ~ N (g, o)

Note that we consider the case where we have only one variable (d = 1),
but the general case can be easily derived (d > 1 when X;|z;; = 1 follows a
multivariate Gaussian distribution).

The parameters are © = (7, u, o) where 7 = (71, ..., Tk ) are the probability
of belonging to the clusters and p = (p1,...,4x), 0 = (01,...,0K) are the
parameters of the data distribution.

EM algorithm Starting from an initialization ©(9), the EM algorithm con-
sists of two steps proceeded iteratively:

e E-step: compute Q(©,0®) = E[log p(X, z|0)| X, 01)]
e M-step: update the parameters with @1 ¢ argmaxgQ(0,00)

E-step
N
p(X,2|0©) = Hp(XZ-, zi;©)
ZN1 K
= I TL (et o) (X0)
i=1k=1
Therefore we have
Lo(X,2]0) =logp(X, 2|0)
N K
=D zinlog(Th S (uy,02) (X)),
i=1 k=1



where fur(,,02)(Xi) = \/;Taﬁexp(% (X; — pi)?) is the probability density

function of N (ux,07).
Let us compute the E-step; the only term which can not be out of the integral
is Zik-

Q(O,0Y) = E[Lc(X, 2|0)|X,01]
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with the notation tz(-,? = Elzix| X, 00)]
(t)

Finally, the E-step involves computing ¢;,’, which can be written as follows

p(Xi, 2;00)
p(X;;00)

t
B ﬂ-l(c )f/\/(”;”,(glzc)(t))(Xi)
K ()
Ze:l Ty fN(ug{t),(af)(t))(Xi)

£ = Elz| X, 0] =

M-step We have to solve (1 ¢ argmaxgQ(0,01).

e The maximization over m,Vk € {1,..., K} should be made under the
constraint that Zszl m, = 1. We thus use Lagrange multiplier, and define

the function g(m,..., 7K, \) = Z,If:l tg,? log 71 + )\(Zszl e — 1)

{ 8ikg(m,...,m{,/\) = Tr—lkz:fvltg,z + A

3)\9(7T1a~~'»7rK,)\) :Zk‘:lﬂ—k
(t+1) (t)
t
Vg=0&(...) & szlm
s=0e (e { T3
e Maximization over ug, Vk € {1,...,k}:
7Q (0,00) Zt — k)
(t) B Y +®)
t
ZtikX ?Z ik
Thus, 22-Q(0,01) = 0 « xHD) — ZELLEX:
S me =



e Maximization over 01%:

9 1 o, 1o,
= ) = St 4 > (X - )?
80’%62(@’@ ) 20_]3 P ik +20.g — zk( ? Mk)

As this expression involves p, (unknown quantity), we can use plug-in with
t+1 N 40 (x, 02
= . Thus, 52:Q(0,010) = 0 & (o741 = 2=t




