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We observe N realisations X1, . . . , XN and K groups. We have introduced
some latent variables (unobserved), denoted as (z1, . . . , zN ), such that

zik =

{
1 if Xi belongs to cluster k
0 otherwise

The generative model is the following one:{
zi ∼ M(1, π),with π = (π1, . . . , πK) and 0 < πk < 1, : /∀k and

∑K
k=1 πk = 1.

Xi|zik = 1 ∼ N (µk, σ
2
k)

Note that we consider the case where we have only one variable (d = 1),
but the general case can be easily derived (d > 1 when Xi|zik = 1 follows a
multivariate Gaussian distribution).

The parameters are Θ = (π, µ, σ) where π = (π1, . . . , πK) are the probability
of belonging to the clusters and µ = (µ1, . . . , µK), σ = (σ1, . . . , σK) are the
parameters of the data distribution.

EM algorithm Starting from an initialization Θ(0), the EM algorithm con-
sists of two steps proceeded iteratively:

• E-step: compute Q(Θ,Θ(t)) = E[log p(X, z|Θ)|X,Θ(t)]

• M-step: update the parameters with Θ(t+1) ∈ argmaxΘQ(Θ,Θ(t))

E-step

p(X, z|Θ) =

N∏
i=1

p(Xi, zi; Θ)

=

N∏
i=1

K∏
k=1

(πkfN (µk,σ2
k)
(Xi))

zik

Therefore we have

LC(X, z|Θ) = log p(X, z|Θ)

=

N∑
i=1

K∑
k=1

zik log(πkfN (µk,σ2
k)
(Xi)),
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where fN (µk,σ2
k)
(Xi) = 1√

2πσ2
k

exp( 1
2σ2

k

(
Xi − µk)

2
)
is the probability density

function of N (µk, σ
2
k).

Let us compute the E-step; the only term which can not be out of the integral
is zik.

Q(Θ,Θ(t)) = E[LC(X, z|Θ)|X,Θ(t)]

=

N∑
i=1

K∑
k=1

E[zik|X,Θ(t)] log(πkfN (µk,σ2
k)
(Xi))

=

N∑
i=1

K∑
k=1

t
(t)
ik

(
− log

√
2π − 1

2
log σ2

k − 1

2σ2
k

(Xi − µk)
2

)
,

with the notation t
(t)
ik := E[zik|X,Θ(t)]

Finally, the E-step involves computing t
(t)
ik , which can be written as follows

t
(t)
ik = E[zik|X,Θ(t)] =

p(Xi, zi; Θ
(t))

p(Xi; Θ(t))

=
π
(t)
k fN (µ

(t)
k ,(σ2

k)
(t))

(Xi)∑K
ℓ=1 π

(t)
ℓ fN (µ

(t)
ℓ ,(σ2

ℓ )
(t))

(Xi)

M-step We have to solve Θ(t+1) ∈ argmaxΘQ(Θ,Θ(t)).

• The maximization over πk,∀k ∈ {1, . . . ,K} should be made under the

constraint that
∑K

k=1 πk = 1. We thus use Lagrange multiplier, and define

the function g(π1, . . . , πK , λ) =
∑K

k=1 t
(t)
ik log πk + λ(

∑K
k=1 πk − 1){

∂
∂πk

g(π1, . . . , πK , λ) = 1
πk

∑N
i=1 t

(t)
ik + λ

∂
∂λg(π1, . . . , πK , λ) =

∑K
k=1 πk − 1

∇g = 0 ⇔ (...) ⇔
{

π
(t+1)
k = 1

N

∑N
i=1 t

(t)
ik

λ = −N

• Maximization over µk, ∀k ∈ {1, . . . , k}:

∂

∂µk
Q(Θ,Θ(t)) =

1

2

N∑
i=1

t
(t)
ik

1

σ2
k

2(Xi − µk)

=
1

σ2
k

N∑
i=1

t
(t)
ik Xi −

µk

σ2
k

N∑
i=1

t
(t)
ik

Thus, ∂
∂µk

Q(Θ,Θ(t)) = 0 ⇔ µ
(t+1)
k =

∑N
i=1 t

(t)
ik Xi∑N

i=1 t
(t)
ik
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• Maximization over σ2
k:

∂

∂σ2
k

Q(Θ,Θ(t)) = − 1

2σ2
k

N∑
i=1

t
(t)
ik +

1

2σ4
k

N∑
i=1

t
(t)
ik (Xi − µk)
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As this expression involves µk (unknown quantity), we can use plug-in with

µk = µ
(t+1)
k . Thus, ∂

∂σ2
k
Q(Θ,Θ(t)) = 0 ⇔ (σ2

k)
(t+1) =

∑N
i=1 t

(t)
ik (Xi−µ

(t+1)
k )2∑N

i=1 t
(t)
ik
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